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A CHARACTERIZATION OF WEINGARTEN SURFACES IN
HYPERBOLIC 3-SPACE
NIKOS GEORGIOU AND BRENDAN GUILFOYLE
Abstract. We study 2-dimensional submanifolds of the space L(H3) of ori-
ented geodesics of hyperbolic 3-space, endowed with the canonical neutral
Ka¨hler structure. Such a surface is Lagrangian iff there exists a surface in H3
orthogonal to the geodesics of Σ.
We prove that the induced metric on a Lagrangian surface in L(H3) has
zero Gauss curvature iff the orthogonal surfaces in H3 are Weingarten: the
eigenvalues of the second fundamental form are functionally related. We then
classify the totally null surfaces in L(H3) and recover the well-known holomor-
phic constructions of flat and CMC 1 surfaces in H3.
Recently the existence and uniqueness of a canonical neutral Ka¨hler structure on
the space L(H3) of oriented geodesics of hyperbolic 3-space H3 has been established
[4] [12]. The main purpose of this paper is to apply this work to the study of
surfaces S in H3. The oriented geodesics normal to S form a surface in L(H3)
which is Lagrangian with respect to this Ka¨hler structure. In fact, the study of
surfaces in H3 is equivalent, at least locally, to the study of Lagrangian surfaces in
L(H3).
Special classes of surfaces in hyperbolic 3-space have been studied for many
decades, with various constructions being developed and applied to the particular
class of surfaces under consideration. For example, surfaces of constant mean cur-
vature 1 have been investigated in [1], while flat surfaces have been treated in [7] [8]
[11]. The common feature of these surfaces is that they are Weingarten [14]: they
have some specified functional relationship between the eigenvalues of the second
fundamental form. Other forms of this relationship have been considered [3] [9] and
uniqueness results obtained for Weingarten surfaces in R3 [2] [6].
In this paper we give a new characterization of the Weingarten condition for
surfaces in H3:
Main Theorem:
Let S ⊂ H3 be a C4 smooth immersed oriented surface and Σ ⊂ L(H3) be the
Lagrangian surface formed by the oriented geodesics normal to S. Assume that the
metric GΣ induced on Σ by the neutral Ka¨hler metric is non-degenerate. Then S
is Weingarten iff the Gauss curvature of GΣ is zero.
The proof of this result follows from a careful study of 2-dimensional submani-
folds of L(H3) using local coordinates, moving frames and the correspondence space.
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In the following section we give the geometric background (further details can be
found in [4]) and explore the submanifold theory of surfaces in L(H3). Section three
contains the proof of the Main Theorem.
In the final section we classify the totally null surfaces in L(H3) and recover the
holomorphic constructions of flat and CMC 1 surfaces in H3.
1. Geometric Background
We briefly recall the basic construction of the canonical neutral Ka¨hler metric
on the space L(H3) of oriented geodesics of H3 - further details can be found in [4].
We use one of two models of H3, the Poincare´ ball model:
B3 = {(y1, y2, y3) ∈ R3 | (y1)2 + (y2)2 + (y3)2 < 1},
with standard coordinates (y1, y2, y3) on R3, and hyperbolic metric
ds2 =
4[(dy1)2 + (dy2)2 + (dy3)2]
[1− (y1)2 − (y2)2 − (y3)2]2 .
and the upper-half space model:
R
3
+ = { (x0, x1, x2) ∈ R3 | x0 > 0 },
for standard coordinates (x0, x1, x2) on R3. In these coordinates the hyperbolic
metric has expression:
ds˜2 =
(dx0)2 + (dx1)2 + (dx2)2
(x0)2
.
These are related by the mapping R3+ → B3 : (x0, x1, x2) 7→ (y1, y2, y3) defined by
y1 =
2x1
(x0 + 1)2 + (x1)2 + (x2)2
, y2 =
2x2
(x0 + 1)2 + (x1)2 + (x2)2
,
y3 =
(x0)2 + (x1)2 + (x2)2 − 1
(x0 + 1)2 + (x1)2 + (x2)2
.
An oriented geodesic in H3 is uniquely determined by its beginning and end point
on the boundary of the ball model, and so L(H3) can be identified with S2×S2−∆,
where ∆ is the diagonal in S2 × S2. Endowing S2 × S2 − ∆ with the standard
differentiable structure, a tangent vector to an oriented geodesic γ ∈ L(H3) can
then be identified with an orthogonal Jacobi field along γ ⊂ H3.
Rotation of Jacobi fields through 900 about γ defines an almost complex structure
on L(H3). This almost complex structure is integrable, and so L(H3) becomes a
complex surface, which turns out to be biholomorphic to P1 × P1 −∆. Here ∆ is
the “reflected” diagonal: in terms of holomorphic coordinates (µ1, µ2) on P
1 × P1,
∆ = {(µ1, µ2) : µ1µ¯2 = −1}. This distinction between P1×P1−∆ and P1×P1−∆
is crucial, as explained in section 4.4.
The complex structure J on L(H3) can be supplemented with a compatible sym-
plectic structure Ω, which has the following expression in holomorphic coordinates:
Ω = −
[
1
(1 + µ1µ¯2)2
dµ1 ∧ dµ¯2 + 1
(1 + µ¯1µ2)2
dµ¯1 ∧ dµ2
]
. (1.1)
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Together we obtain a Ka¨hler metric G(· , ·) = Ω(J· , ·) :
G = −i
[
1
(1 + µ1µ¯2)2
dµ1 ⊗ dµ¯2 − 1
(1 + µ¯1µ2)2
dµ¯1 ⊗ dµ2
]
. (1.2)
This metric, which has signature ++−−, is invariant under the action induced on
L(H3) by the isometry group of H3. Indeed, this has been shown to be the unique
Ka¨hler metric on L(H3) with this property [12].
In order to transfer geometric data between L(H3) and H3 we use a correspon-
dence space:
pi1
L(H3)× R
❅
❅
❅
❅❘
Φ
L(H3)
❄
H3
The key property of this correspondence is that, given γ ∈ L(H3), the set Φ ◦
pi−11 (γ) is the oriented geodesic in H
3, while, for a point p ∈ H3, pi1 ◦Φ−1(p) is the
set of oriented geodesics in L(H3) that pass through p.
The map Φ takes an oriented geodesic γ in L(H3) and a real number r to the
point on γ an affine parameter distance r from some fixed point on the geodesic.
This choice of point on each geodesic can be made globally, but we more often just
use a local choice, which is sufficient for our purposes.
In terms of holomorphic coordinates (µ1, µ2) on L(H
3) and upper-half space
coordinates (x0, x1, x2) the map Φ has expression:
z =
1− µ1µ¯2
2µ¯2
+
(
1 + µ1µ¯2
2µ¯2
)
tanh r, t =
|1 + µ¯1µ2|
2|µ2| cosh r .
where z = x1 + ix2 and t = x0.
We often use local coordinates (ξ, η) on L(H3) which are related to the holomor-
phic coordinates by
ξ =
2µ2
1 + µ¯1µ2
, η =
1− µ1µ¯2
2µ¯2
. (1.3)
The resulting expression for Φ is
z = η +
tanh r
ξ¯
, t =
1
|ξ| cosh r . (1.4)
2. Surfaces in L(H3)
In this section we investigate oriented geodesic congruences, that is, surfaces
Σ ⊂ L(H3), or two parameter families of oriented geodesics in H3.
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2.1. Coordinates and an adapted frame in H3. Let (x0, x1, x2) be the standard
coordinates on the upper half space model of H3 with x0 > 0 and set z = x1 + ix2,
z¯ = x1 − ix2 and t = x0.
Definition 1. A null frame in H3 is a trio {e(0), e(+), e(−)} of complex vector fields
in C⊗TH3 where e(0) is real, e(+) is the complex conjugate of e(−) and they satisfy
the following properties:
< e(0) , e(0) >= 1, < e(0) , e(+) >=< e(+) , e(+) >= 0, < e(+) , e(−) >= 1,
where < , > is the hyperbolic metric.
Given an orthonormal frame {e0, e1, e2} on TH3 we construct a null frame by
e(+) =
1√
2
(e1 − ie2), e(−) =
1√
2
(e1 + ie2), e(0) = e0 .
Definition 2. Given a surface Σ ⊂ L(H3) an adapted null frame is a null frame
{e(0), e(+), e(−)} such that, for each γ ∈ Σ, we have e(0) = γ˙, and the orientation of
{e(0),Re(e(+)), Im(e(+))} is the standard orientation on H3.
In what follows we consider a locally parameterized surface Σ ⊂ L(H3) :
Proposition 1. Let Σ ⊂ L(H3) be a surface given locally by an immersion f : C→
L(H3) : (ν, ν¯) 7→ (ξ(ν, ν¯), η(ν, ν¯)). Then an adapted null frame {e(0), e(+), e(−)} is
given by
e(0) =
∂
∂r
, e(+) = a
∂
∂ν
+ b
∂
∂ν¯
+ ω
∂
∂r
,
where
ω =
√
2∆−1
(
∂−F (ξ¯ ∂¯η + ξ∂¯η¯)− ∂+F (ξ¯∂η + ξ∂η¯)
)
,
a = 2
√
2∆−1 ∂+F , b = −2
√
2∆−1∂−F , ∆ = ∂+F∂+F − ∂−F∂−F ,
(2.1)
and
∂+F = ξer∂η¯ − ξ¯e−r∂η − er∂ ln ξ − e−r∂ ln ξ¯,
∂−F = ξer∂¯η¯ − ξ¯e−r∂¯η − er∂¯ ln ξ − e−r∂¯ ln ξ¯. (2.2)
Proof. A parameterized surface Σ gives (composing with the map Φ in (1.4)) a map
C× R→ H3 : (ν, ν¯, r) 7→ (z(ν, ν¯, r), z¯(ν, ν¯, t)). (2.3)
Consider now the adapted null frame {e(0), e(+), e(−)} given by Proposition 4 of [4],
the derivative of the map (2.3) gives
∂
∂r
7→ e(0),
and
∂
∂ν
7→ 12
(
ξ¯∂η + ξ∂η¯
)
e(0) +
1
2
√
2
(
ξer∂η¯ − ξ¯e−r∂η − er∂ ln ξ − e−r∂ ln ξ¯) e(+)
+ 1
2
√
2
(
ξ¯er∂η − ξe−r∂η¯ − er∂ ln ξ¯ − e−r∂ ln ξ) e(−),
The inverse of the above transformation gives the adapted null frame. 
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2.2. The local geometry of geodesic congruences. We now investigate the lo-
cal geometry of surfaces in L(H3). Suppose that Σ is such a surface and {e(0), e(+), e(−)}
is an adapted null frame, and define the two complex scalars:
ρ =< ∇e(−) e(+), e(0) >, σ =< ∇e(+) e(+), e(0) > .
The complex optical scalar functions ρ and σ describe the first order geometric
behaviour of the surface. The real part of ρ is referred to as the divergence, the
imaginary part is the twist, which is denoted by λ, and σ is the shear of the
geodesics. They satisfy the Sachs equations for H3 [10]:
∂ρ
∂r
= ρ2 + σσ¯ − 1, ∂σ
∂r
= (ρ+ ρ¯)σ,
where r is an affine parameter along the geodesics. Note that if the shear or the
twist vanish at some point of the geodesic, they vanish at every point of the geodesic
by iterations of the Sachs equations.
Proposition 2. The optical scalars of a surface (ν, ν¯) 7→ (ξ(ν, ν¯), η(ν, ν¯)) are:
σ =
2e−r
∆
[(
ξ∂¯η¯ + ∂¯ ln ξ
)
∂−F − (ξ∂η¯ + ∂ ln ξ) ∂+F
]
,
ρ = −1 + 2e
−r
∆
[
(ξ∂η¯ + ∂ ln ξ) ∂−F − (ξ∂¯η¯ + ∂¯ ln ξ) ∂+F ] ,
where ∂±F and ∆ are given by (2.1) and (2.2), and ∂ is differentiation with respect
to ν.
Proof. The Levi-Civita connection of the hyperbolic metric is torsion-free and so
we have the following expression for the Lie derivative of e(+) in the e(0) direction
Le(0)e(+) = ρ¯e(+) + σe(−).
Recall the expression for e(+) given in Proposition 1 and, since < e(0) , e(+) >= 0,
we find
ω = −a < e(0) ,
∂
∂ν
> −b < e(0) ,
∂
∂ν¯
> .
Therefore, e(+) = aZ+ + bZ− where
Z+ =
∂
∂ν
− < e(0) ,
∂
∂ν
>
∂
∂r
, Z− =
∂
∂ν¯
− < e(0) ,
∂
∂ν¯
>
∂
∂r
.
After computing the hyperbolic metric in (ν, ν¯, r) coordinates we find that
< Z+ , Z+ >=
1
4∂
+F∂−F , < Z+ , Z− >= 18
(
∂+F∂+F + ∂−F∂−F
)
.
The e(+) component of Le(0)e(+) is σ =< Le(0)e(+) , e(+) > and so
σ =
1
2
∂a2
∂r
< Z+ , Z+ > +
1
2
∂b2
∂r
< Z− , Z− > +
∂ab
∂r
< Z+ , Z− > .
After a lengthy computation we find that
σ = 2e−r
(
ξ∂¯η¯ + ∂¯ ln ξ
)
∂−F − (ξ∂η¯ + ∂ ln ξ) ∂+F
∂+F∂+F − ∂−F∂−F .
The scalar ρ can be found in a similar way. 
It’s useful to know ρ and σ in terms of the holomorphic coordinates (µ1, µ2).
6 NIKOS GEORGIOU AND BRENDAN GUILFOYLE
Proposition 3. Let Σ be a geodesic congruence given by an immersion f : Σ →
L(H3) : (ν, ν¯) 7→ (µ1(ν, ν¯), µ2(ν, ν¯)). The optical scalars ρ and σ are
σ =
8µ2J2¯ 1¯
µ¯2∆|1 + µ1µ¯2|2 , ρ = −1−
8e−r
∆
[
J21¯
(1 + µ¯1µ2)2
er − |µ2|
2J11¯
|1 + µ¯1µ2|2 e
−r
]
,
(2.4)
where
Jkl = ∂µk∂¯µl − ∂¯µk∂µl k, l = 1, 2, 1¯, 2¯,
and
1
4
∆ =
J22¯
|µ2|2|1 + µ1µ¯2|2 e
2r +
J2¯1
(1 + µ1µ¯2)2
+
J1¯2
(1 + µ¯1µ2)2
+
|µ2|2J11¯
|1 + µ1µ¯2|2 e
−2r.
Proof. This follows from the expressions in Proposition 3 and the transformation
(1.3). 
2.3. Lagrangian Surfaces.
Definition 3. A point γ on a surface Σ ⊂ L(H3) is said to be a Lagrangian point
if f∗Ω = 0 at γ, where Ω is the symplectic 2-form on L(H3). A surface Σ ⊂ L(H3)
is said to be Lagrangian if all of the points of Σ are Lagrangian points.
Proposition 4. A surface Σ is Lagrangian iff the imaginary part of ρ (the twist)
is zero.
Proof. Let f : Σ→ L(H3) : (ν, ν¯) 7→ (µ1(ν, ν¯), µ2(ν, ν¯)) be the C2 immersion of the
geodesic congruence.
The twist λ = Imρ is
λ =
4i
∆
[
J21¯
(1 + µ¯1µ2)2
− J12¯
(1 + µ1µ¯2)2
]
.
The symplectic 2-form Ω in L(H3) is given by (1.1) and so f∗Ω is
f∗Ω =
[
J21¯
(1 + µ¯1µ2)2
− J12¯
(1 + µ1µ¯2)2
]
dν ∧ dν¯ = ∆
4i
λ dν ∧ dν¯.
The proposition then follows. 
Definition 4. An oriented geodesic congruence is integrable iff locally there exists
an embedded surface S in H3 such that S is orthogonal to the geodesics of the
congruence.
Proposition 5. A geodesic congruence Σ is integrable iff Σ is Lagrangian.
Proof. The geodesics are integrable iff, in an adapted frame,
[
e(+), e(−)
]
lies in the
span of {e(+), e(−)} (by Frobenius’ theorem). But, using the fact that the Levi-
Civita connection of the hyperbolic metric is torsion free,
<
[
e(+), e(−)
]
, e(0) >=< ∇e(+) e(−), e(0) > − < ∇e(−) e(+), e(0) >= ρ¯− ρ = −2λi
Thus integrability is equivalent to the imaginary part of ρ vanishing, as claimed. 
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Proposition 6. Let Σ be a Lagrangian surface in L(H3) parameterized by ν →
(µ1(ν, ν¯), µ2(ν, ν¯)). Then the surfaces S ⊂ H3 orthogonal to the geodesics of Σ are
given by the functions r = r(ν, ν¯) which solve:
2∂r =
µ2
µ¯1µ2 + 1
(
∂µ¯1 +
∂µ2
µ22
)
+
µ¯2
µ1µ¯2 + 1
(
∂µ1 +
∂µ¯2
µ¯22
)
.
Here the real constant of integration parameterizes the family of parallel surfaces
orthogonal to the geodesics.
Proof. A straightforward computation shows that the parametric surface in H3,
obtained by inserting r = r(ν, ν¯) in (1.4), is orthogonal to the congruence iff the
above condition holds. 
Definition 5. Given an immersion f : Σ → L(H3), consider the map (pi ◦ f)∗ :
TΣ → TP1, where pi is projection onto the first factor of L(H3) = P1 × P1 − ∆.
The rank of the immersion f at a point γ ∈ Σ is defined to be the rank of this map
at γ, which can be 0, 1 or 2.
Note 1. Alternatively, the rank could be defined by projection onto the second
factor. However, by reversing the orientation of the geodesics in a geodesic congru-
ence the two definitions would switch. In what follows we take projection onto the
first factor.
A rank 0 Lagrangian surface is a horosphere (see Definition 10).
A rank 2 surface Σ, parameterized by µ2 = µ2(µ1, µ¯1), is Lagrangian iff there is
a smooth real function r such that
2∂1r =
∂1µ2
µ2(1 + µ¯1µ2)
+
∂1µ¯2
µ¯2(1 + µ1µ¯2)
+
µ¯2
1 + µ1µ¯2
, (2.5)
where here ∂1 is differentiation with respect to µ1.
In the Lagrangian case, the functions σ and ρ have the following interpretation
in terms of the second fundamental form of the orthogonal surfaces in H3.
Proposition 7. Let S ⊂ H3 be a C2 immersed surface and Σ ⊂ L(H3) be the
oriented normal geodesics. Then
|σ| = 1
2
|λ1 − λ2| ρ = −1
2
(λ1 + λ2), (2.6)
where λ1 and λ2 are the principal curvatures of S.
Proof. Let S be a C2 surface immersed in H3 and let Ni be the unit normal 1-form.
The second fundamental form is a symmetric two tensor on S defined by
Hij = P
k
i P
l
j∇kNl,
where ∇ is the Levi-Civita connection on H3 and P ji is orthogonal projection onto
the tangent space of S. Such a symmetric two tensor has two real eigenvalues,
λ1 and λ2, at each point of S. These are called the principal curvatures of S
and the associated eigen-directions are called principal directions for the surface.
Let {e(1), e(2)} be an orthonormal eigen-basis for Hij , and then the null frame is
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e(+) =
1√
2
(e(1)+ ie(2))e
iα for some angle α. Computing the null frame components
of Hij
H(++) =< ∇e(+)θ(0), e(+) >= Γ (0)(+) (+) = σ,
H(+−) =< ∇e(+)θ(0), e(−) >= Γ (0)(+) (−) = −ρ¯ = −ρ.
In terms of the real basis
σ = H(++) =
1
2
(
H(11) −H(22)
)
e2iα = 12 (λ1 − λ2) e2iα,
ρ = −H(+−) = − 12
(
H(11) +H(22)
)
= − 12 (λ1 + λ2) ,
as claimed. 
The Gauss curvature of S is κ = ρρ¯− σσ¯ − 1, and in terms of local coordinates
(ν, ν¯) this is:
κ =
8
∆
[
J21¯
(1 + µ¯1µ2)2
+
J12¯
(1 + µ1µ¯2)2
]
. (2.7)
2.4. Complex Curves.
Definition 6. A point γ on a surface Σ ⊂ L(H3) is said to be a complex point if
the complex structure J acting on L(H3) preserves TγΣ. A surface Σ ⊂ L(H3) is
said to be a complex curve if all of the points of Σ are complex points.
In particular:
Proposition 8. A point γ on a surface Σ is complex iff the shear vanishes along
γ.
Proof. Let f : Σ → L(H3) : (ν, ν¯) 7→ (µ1(ν, ν¯), µ2(ν, ν¯)) be the smooth immersion
of Σ in L(H3). We consider the derivative of the immersion df : TΣ → TL(H3).
Let j be a conformal structure on Σ compatible with ν. We define the sections
δ+f ∈ Λ10(Σ)⊗ T 10L(H3) and δ−f ∈ Λ01(Σ)⊗ T 10L(H3) by
δ+f =
1
2
(df − J ◦ df ◦ j) δ−f = 1
2
(df + J ◦ df ◦ j).
Then δ+f ∧ δ−f ∈ Λ2(Σ)⊗ det T 10L(H3) works out to be
δ+f ∧ δ−f = J12dν ∧ dν¯.
Now, a point is complex iff this 2-form vanishes. On the other hand we have
σ =
8µ2J2¯ 1¯
µ¯2∆|1 + µ1µ¯2|2 =
8µ2J12
µ¯2∆|1 + µ1µ¯2|2 ,
and hence the proposition follows. 
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2.5. The Induced Metric.
Theorem 1. Let Σ be a surface in L(H3). The induced metric is Lorentz (degen-
erate, Riemannian) iff |σ|2 − λ2 > 0 (= 0, < 0), where λ and σ are the twist and
the shear of the geodesic congruence Σ.
Proof. Let f be the smooth immersion like before with local complex coordinate ν.
We have seen that the twist and the shear are given by
σ =
8µ2J2¯ 1¯
µ¯2∆|1 + µ1µ¯2|2 λ =
4i
∆
[
J21¯
(1 + µ¯1µ2)2
− J12¯
(1 + µ1µ¯2)2
]
.
Therefore we obtain
|σ|2 − λ2 = 16
∆2
[
J221¯
(1 + µ¯1µ2)4
+
J212¯
(1 + µ1µ¯2)4
+
4
|1 + µ1µ¯2|4
(
J12J2¯ 1¯ −
1
2
J21¯J12¯
)]
.
Pulling back the metric G, which is given by (1.2), to Σ and computing the deter-
minant
det[f∗G] = −∆
2
64
(|σ|2 − λ2),
and the theorem follows. 
We have the following corollary:
Corollary 1. The induced metric on a Lagrangian surface in L(H3) is either
Lorentz or degenerate, the latter occurring at umbilic points on the orthogonal sur-
faces in H3.
Proof. By Proposition 4 a Lagrangian surface has λ = 0, and so, by the preceding
theorem, Σ is Lorentz or degenerate, according to whether σ is non-zero or zero.
By Proposition 7 a point on the orthogonal surface at which σ = 0 is an umbilic
point: λ1 = λ2. The result follows. 
Similarly, we have:
Corollary 2. The induced metric on a complex curve Σ in L(H3) is either Rie-
mannian or degenerate, the latter occurring at Lagrangian points on Σ.
3. Weingarten surfaces in H3
Definition 7. A surface S in H3 is said to be Weingarten if the eigenvalues λ1, λ2
of the second fundamental form of S are functionally related [14]:
dλ1 ∧ dλ2 = 0.
we now prove our main result, namely:
Main Theorem:
Let S ⊂ H3 be a C4 smooth immersed oriented surface and Σ ⊂ L(H3) be the
Lagrangian surface formed by the oriented geodesics normal to S. Assume that the
metric GΣ induced on Σ by the neutral Ka¨hler metric is non-degenerate. Then S
is Weingarten iff the Gauss curvature of GΣ is zero.
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Proof. First assume that the normal geodesic congruence Σ is of rank 2 and so
is locally parameterized by µ1 7→ (µ1, µ2(µ1, µ¯1)). Our first task is to find the
Gauss curvature K of the geodesic congruence. The induced metric g, computed
by pulling back (1.2) to Σ, is:
g = GΣ = 2 Im
[
∂µ¯2
(1 + µ1µ¯2)2
dµ21 +
∂¯µ¯2
(1 + µ1µ¯2)2
dµ1dµ¯1
]
, (3.1)
where ∂, ∂¯ are differentiation with respect of µ1, µ¯1 respectively. By Proposition 4
the Lagrangian condition is Im ρ = 0 and so by equation (2.4)
∂¯µ¯2
(1 + µ1µ¯2)2
− ∂µ2
(1 + µ¯1µ2)2
= 0. (3.2)
Thus the induced metric on a Lagrangian surface simplifies to
g = −i
[
∂µ¯2
(1 + µ1µ¯2)2
dµ21 −
∂¯µ2
(1 + µ¯1µ2)2
dµ¯21
]
.
The Christoffel symbols Γkij of the metric GΣ are
Γ111 =
1
2
∂
[
ln
(
∂µ¯2
(1 + µ1µ¯2)2
)]
, Γ11¯1 =
1
2
∂¯
[
ln
(
∂µ¯2
(1 + µ1µ¯2)2
)]
,
Γ11¯ 1¯ =
(1 + µ1µ¯2)
2
2∂µ¯2
∂
[(
∂¯µ2
(1 + µ¯1µ2)2
)]
.
Set
σ0 =
∂µ¯2
(1 + µ1µ¯2)2
, (3.3)
so that the induced metric on Σ is
g = −i(σ0dµ21 − σ¯0dµ¯ 21 ),
and the Christoffel symbols can be written
Γ111 =
∂σ0
2σ0
, Γ11¯1 =
∂¯σ0
2σ0
, Γ11¯ 1¯ =
∂σ¯0
2σ0
.
The only non vanishing components of the Riemann tensor turn out to be
R11¯11¯ =
i
2
(∂¯2σ0 − ∂2σ¯0) + i
4
[
(∂σ¯0)
2 − ∂¯σ¯0∂¯σ0
σ¯0
− (∂¯σ0)
2 − ∂σ0∂σ¯0
σ0
]
.
For a 2-dimensional surface, we have the following relation that gives the Gauss
curvature K:
Rabcd = K(gacgbd − gadgbc).
Using the above relation we obtain
K =
R11¯11¯
g11g1¯ 1¯
=
1
|σ0|2R11¯11¯ ,
and so
K =
i
4|σ0|2
[
2(∂¯2σ0 − ∂2σ¯0) + (∂σ¯0)
2 − ∂¯σ¯0∂¯σ0
σ¯0
− (∂¯σ0)
2 − ∂σ0∂σ¯0
σ0
]
.
(3.4)
If σ0 = 0 then the induced metric vanishes, and we therefore exclude this case
and assume that σ0 6= 0.
WEINGARTEN SURFACES IN HYPERBOLIC 3-SPACE 11
Now set
ρ0 =
∂µ2
(1 + µ¯1µ2)2
. (3.5)
Since Σ is Lagrangian, ρ0 is real function. Differentiating (3.3) and (3.5), we obtain
∂¯ρ0 =
∂∂¯µ2
(1 + µ¯1µ2)2
− 2µ¯1∂µ2∂¯µ2
(1 + µ¯1µ2)3
− 2µ2∂µ2
(1 + µ¯1µ2)3
∂σ¯0 =
∂∂¯µ2
(1 + µ¯1µ2)2
− 2µ¯1∂µ2∂¯µ2
(1 + µ¯1µ2)3
,
and therefore we have established the identity:
∂σ¯0 = ∂¯ρ0 +
2µ2
1 + µ¯1µ2
ρ0. (3.6)
We have seen that the Gauss curvature (3.4) has a term with second order deriva-
tives of σ0 and σ¯0. We can reduce the order of the derivatives using (3.6):
∂¯2σ0 = ∂∂¯ρ0 + ∂¯
(
2µ¯2
1 + µ1µ¯2
ρ0
)
∂2σ¯0 = ∂∂¯ρ0 + ∂
(
2µ2
1 + µ¯1µ2
ρ0
)
,
and subtracting we obtain
∂¯2σ0 − ∂2σ¯0 = 2
(
µ¯2
1 + µ1µ¯2
∂σ¯0 − µ2
1 + µ¯1µ2
∂¯σ0
)
.
We now substitute the above into the expression (3.4) and obtain the Gauss cur-
vature of Σ:
K =
i
|σ0|2
[
µ¯2∂σ¯0
1 + µ1µ¯2
− µ2∂¯σ0
1 + µ¯1µ2
+
1
4
(
(∂σ¯0)
2 − ∂¯σ¯0∂¯σ0
σ¯0
− (∂¯σ0)
2 − ∂σ0∂σ¯0
σ0
)]
.
Denote the Gauss curvature of the orthogonal surface S in H3 by κ. If κ = 0
then we have from equation (2.7) in graph coordinates that ∂µ2 = 0. Then, by
expression (3.5) we have that ρ0 = 0 and from the identity (3.6) we conclude that
∂σ¯0 = 0. Substituting this in the expression above for K, we have K = 0 and the
surface in L(H3) is scalar flat, as claimed.
Now assume that κ 6= 0. If λ1, λ2 are the eigenvalues of the 2nd fundamental
form, then κ = λ1λ2 − 1. From (2.6) we obtain
d
( |σ|2
κ2
)
∧ d
(
ρ+ 1
κ
)
=
(λ1 − λ2)(λ1 − 1)(λ2 − 1)
2(λ1λ2 − 1)4 dλ1 ∧ dλ2.
Observe that, on an open set,
d
( |σ|2
κ2
)
∧ d
(
ρ+ 1
κ
)
= 0 iff dλ1 ∧ dλ2 = 0,
and therefore a necessary and sufficient condition for the the surface S to be Wein-
garten is
d
( |σ|2
κ2
)
∧ d
(
ρ+ 1
κ
)
= 0.
We are ready now to prove our result. We need to show that
d
( |σ|2
κ2
)
∧ d
(
ρ+ 1
κ
)
∝ Kdµ1 ∧ dµ¯1.
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Expressing the Gauss curvature κ of S, and ρ, σ in terms of ρ0, σ0
κ =
16
∆
ρ0, ρ = −1− 8
∆
(
ρ0 − |µ2|
2
|1 + µ¯1µ2|2 e
−2r
)
, σ =
8µ2(1 + µ1µ¯2)
µ¯2∆(1 + µ¯1µ2)
σ0,
then
|σ|2
κ2
=
|σ0|2
4ρ20
,
ρ+ 1
κ
= −1
2
+
1
2
|µ2|2
|1 + µ¯1µ2|2
e−2r
ρ0
.
Computing the derivatives of the above we obtain
d
(
ρ+ 1
κ
)
= −ρ
−1
0 |µ2|2e−2r
2|1 + µ¯1µ2|2
[(
∂ρ0
ρ0
+
2µ¯2
1 + µ1µ¯2
)
dµ1 +
(
∂¯ρ0
ρ0
+
2µ2
1 + µ¯1µ2
)
dµ¯1
]
,
d
( |σ|2
κ2
)
=
[(
∂|σ0|2 − 2|σ0|2 ∂ρ0
ρ0
)
dµ1 +
(
∂¯|σ0|2 − 2|σ0|2 ∂¯ρ0
ρ0
)
dµ¯1
]
(4ρ20)
−1 ,
and hence we find
d
( |σ|2
κ2
)
∧ d
(
ρ+ 1
κ
)
=
|µ2|2|σ0|4
2ie2rρ40|1 + µ1µ¯2|3
Kdµ1 ∧ dµ¯1 .
Therefore the surface S is Weingarten iff K = 0.
Now suppose that Σ ⊂ L(H3) is of rank 1, with immersion f : Σ→ L(H3) : ν =
u+ iv 7→ (µ1(u), µ2(u, v)). The induced metric g = f∗G has components
guu = −i
[
∂uµ1∂uµ¯2
(1 + µ1µ¯2)2
− ∂uµ¯1∂uµ2
(1 + µ¯1µ2)2
]
guv = gvu = − i
2
[
∂uµ1∂vµ¯2
(1 + µ1µ¯2)2
− ∂uµ¯1∂vµ2
(1 + µ¯1µ2)2
]
, (3.7)
with inverse metric
guu = 0 guv = gvu = − 1
guv
. (3.8)
The only non-vanishing Christoffel symbols are:
Γuuu = g
uv∂uguv − 1
2
guv∂vguu
Γvuu = g
vv∂uguv +
1
2
guv∂uguu − 1
2
gvv∂vguu
Γvuv =
1
2
guv∂vguu Γ
v
vv = g
uv∂vguv (3.9)
The Gauss curvature K of the surface Σ is given by
Rvuvu = K(guugvv − gvugvu) = −g2vuK. (3.10)
But we know that
Rvuvu = gviR
i
uvu = gvuR
u
uvu,
and after a brief computation we find that
Ruuvu = ∂vΓ
u
uu. (3.11)
We first find Γuuu. From the expressions (3.9) for the Christoffel symbols we need
to find ∂uguv and ∂vguu.
∂uguv = Im
[
∂2uµ1∂vµ¯2
(1 + µ1µ¯2)2
+
∂uµ1∂u∂vµ¯2
(1 + µ1µ¯2)2
− 2µ1∂uµ1∂uµ¯2∂vµ¯2
(1 + µ1µ¯2)3
− 2µ¯2(∂uµ1)
2∂vµ¯2
(1 + µ1µ¯2)3
]
,
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while,
1
2
∂vguu = Im
[
∂uµ1∂u∂vµ¯2
(1 + µ¯1µ2)2
− 2µ1∂uµ1∂uµ¯2∂vµ¯2
(1 + µ1µ¯2)3
]
.
Thus
∂uguv − 1
2
∂vguu = Im
[
∂2uµ1∂vµ¯2
(1 + µ1µ¯2)2
− 2µ¯2(∂uµ1)
2∂vµ¯2
(1 + µ1µ¯2)3
]
.
Now, the Lagrangian condition is:
∂uµ1∂vµ¯2
(1 + µ1µ¯2)2
= − ∂uµ¯1∂vµ2
(1 + µ¯1µ2)2
,
which when applied to (3.8) gives
guv =
(1 + µ1µ¯2)
2
i∂uµ1∂vµ¯2
= − (1 + µ¯1µ2)
2
i∂uµ¯1∂vµ2
.
Finally,
Γuuu = g
uv(∂uguv − 1
2
∂vguu)
=
iguv
2
[
− ∂
2
uµ1∂vµ¯2
(1 + µ1µ¯2)2
+
∂2uµ¯1∂vµ2
(1 + µ¯1µ2)2
+
2µ¯2(∂uµ1)
2∂vµ¯2
(1 + µ1µ¯2)3
− 2µ2(∂uµ¯1)
2∂vµ2
(1 + µ¯1µ2)3
]
= Im
[
∂2uµ1∂vµ¯2
(1 + µ1µ¯2)2
(1 + µ1µ¯2)
2
i∂uµ1∂vµ¯2
+
∂2uµ¯1∂vµ2
(1 + µ¯1µ2)2
(1 + µ¯1µ2)
2
i∂uµ¯1∂vµ2
]
= −Re
(
∂2uµ1
∂uµ1
− 2µ¯2∂uµ1
1 + µ1µ¯2
)
.
Now if we derive the above expression with respect on v, we get:
∂vΓ
u
uu = −
1
2
∂v
(
∂2uµ1
∂uµ1
+
∂2uµ¯1
∂uµ¯1
− 2µ¯2∂uµ1
1 + µ1µ¯2
− 2µ2∂uµ¯1
1 + µ¯1µ2
)
= ∂v
(
µ¯2∂uµ1
1 + µ1µ¯2
+
µ2∂uµ¯1
1 + µ¯1µ2
)
=
∂vµ¯2∂uµ1
(1 + µ1µ¯2)2
+
∂vµ2∂uµ¯1
(1 + µ¯1µ2)2
= 0.
From (3.11) we have that Ruuvu = ∂vΓ
u
uu = 0, and so Rvuvu = gvuR
u
uvu = 0.
Therefore the Gauss curvature K given is
K = −Rvuvu
g2uv
= 0.
Thus Σ is scalar flat.
We now prove the converse: that if Σ ⊂ L(H3) is a Lagrangian surface of rank
1, then its orthogonal surface S ⊂ H3 is Weingarten.
Let λ1, λ2 be the principal curvatures of S. Then, by Proposition 7
κ = λ1λ2 − 1 |σ| = 1
2
|λ1 − λ2|, (3.12)
where κ is the Gauss curvature of S and σ is the shear of Σ.
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Since Σ is assumed to be of rank 1, it is given by µ1 = µ1(u) and µ2 = µ2(u, v).
We know that the shear is
σ =
8µ2J2¯ 1¯
µ¯2∆|1 + µ1µ¯2|2 ,
and therefore,
|σ|2 = 64J2¯ 1¯J12
∆2|1 + µ1µ¯2|4 =
16
∆2
∂uµ1∂uµ¯1∂vµ2∂vµ¯2
|1 + µ1µ¯2|4 . (3.13)
On the other hand, the Gauss curvature κ of S is
κ =
8
∆
[
J21¯
(1 + µ¯1µ2)2
+
J12¯
(1 + µ1µ¯2)2
]
=
8
∆
[
− i∂uµ¯1∂vµ2
2(1 + µ¯1µ2)2
+
i∂uµ1∂vµ¯2
2(1 + µ1µ¯2)2
]
=
8i
∆
∂uµ1∂vµ¯2
(1 + µ1µ¯2)2
,
which gives
κ2 = − 64
∆2
∂uµ1∂vµ¯2
(1 + µ1µ¯2)2
∂uµ1∂vµ¯2
(1 + µ1µ¯2)2
=
64
∆2
∂uµ1∂vµ¯2
(1 + µ1µ¯2)2
∂uµ¯1∂vµ2
(1 + µ¯1µ2)2
=
64
∆2
∂uµ1∂vµ¯2∂uµ¯1∂vµ2
|1 + µ1µ¯2|4 . (3.14)
From (3.13) and (3.14) we observe that κ2 = 4|σ|2 and substituting their expres-
sions given in (3.12) we obtain
(λ1λ2 − 1)2 = (λ1 − λ2)2,
or
(λ1 − 1)(λ1 + 1)(λ2 − 1)(λ2 + 1) = 0.
Therefore the surface S is Weingarten and this completes the rank 1 case.
A rank 0 Lagrangian surface is a horosphere, on which the metric is degenerate,
and so we have completed the proof of the stated result.

4. Examples
4.1. Totally Null Surfaces.
Definition 8. A point γ on a surface Σ ⊂ L(H3) is a totally null point if the
induced metric on Σ is identically zero at γ. A surface is totally null if all of its
points are totally null points.
In [5] it is shown that there are two types of totally null planes: α-planes and β-
planes. On the former, the anti-self-dual 2-forms vanish, while on the latter the self-
dual 2-forms vanish. In particular, the α-planes are holomorphic and Lagrangian.
We now classify the totally null surfaces in L(H3). Before doing so, let us intro-
duce some terminology.
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Definition 9. Given a point p ∈ H3, the geodesic sphere of radius r0 and centre p
is the surface in H3 obtained by flowing a distance r0 along all oriented geodesics
through p.
The geodesic spheres have the following useful characterization:
Proposition 9. The oriented normals to a geodesic sphere with centre (t0, z0) in
the upper half space model are given by the solution set of:
z¯0µ1µ2 + (t
2
0 + z0z¯0)µ2 − µ1 − z0 = 0. (4.1)
Proof. Let (ξ, η) be an oriented geodesic which is normal to a geodesic sphere in
H3 with centre (t0, z0). Then there exists r0 ∈ R such that (see equation (1.4))
t0 =
|1 + µ¯1µ2|
2|µ2| cosh r0 z0 =
1− µ1µ¯2
2µ¯2
+
(
1 + µ1µ¯2
2µ¯2
)
tanh r0 .
(4.2)
It is now easy to show that (4.2) implies (4.1)
Conversely, suppose (4.1) holds for an oriented geodesic γ = (µ1, µ2). Using the
coordinate change (1.3) from (µ1, µ2) to (ξ, η) the relation (4.1) becomes:
ξ(z¯0 − η¯)− ξ¯(z0 − η) + |ξ|2
(
t20 + |z0 − η|2 −
1
|ξ|2
)
= 0 .
Since
ξ(z¯0 − η¯)− ξ¯(z0 − η) ∈ iR and |ξ|2
(
t20 + |z0 − η|2 −
1
|ξ|2
)
∈ R,
we obtain
ξ(z¯0 − η¯) = ξ¯(z0 − η) (4.3)
t20 + |z0 − η|2 −
1
|ξ|2 = 0. (4.4)
Thus, by equation (4.3), ξ¯(z0 − η) is real, and, by the relation (4.4) (using the fact
t0 > 0), we have
[ξ¯(z0 − η)]2 < 1,
and therefore there is r0 ∈ R such that
ξ¯(z0 − η) = tanh r0. (4.5)
Substituting (4.5) into (4.4), and using again the fact t0 > 0 we obtain
t0 =
1
|ξ| cosh r0 or z0 = η +
tanh r0
ξ¯
.
Therefore (t0, z0) ∈ γ (see equation (1.4)) and hence γ belongs to the sphere in
L(H3) with centre (t0, z0). 
If we fix a point µ0 on P
1 (considered as the boundary of the ball model of H3)
and look at all of the oriented geodesics that end at µ0, we obtain a surface in
L(H3) that is readily found to be Lagrangian. The orthogonal surfaces in H3 are
well-known:
Definition 10. A horosphere is a surface in H3 whose oriented normals end (or
begin) at the same point on P1.
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4.2. α-surfaces. We now establish:
Theorem 2. An immersed surface Σ in L(H3) is an α-surface iff Σ is the oriented
normal congruence of
(1) a geodesic sphere, or
(2) a horosphere, or
(3) a totally geodesic surface
in H3.
Proof. Straight-forward calculations verify that the oriented normal congruence to
the three listed classes of surfaces are holomorphic and Lagrangian.
Conversely, assume that Σ is a holomorphic and Lagrangian. If it is of rank 0,
then it is a horosphere.
Suppose then that the surface is of rank 1. Thus locally the surface can be
parameterized by ν = u + iv → (µ1(u), µ2(u, v)). A straightforward computation
shows that
J2¯1¯ = − i2∂uµ¯1∂vµ¯2
Holomorphicity implies that J2¯1¯ = 0, and so either ∂uµ¯1 = 0 or ∂vµ¯2 = 0. Thus,
either the surface is not of rank 1, or it is not immersed, respectively.
Now assume that the surface is of rank 2 and parameterize the surface Σ with
µ1. The vanishing of the shear implies that µ2 is a holomorphic function of µ1.
Thus, about any given γ ∈ Σ, it can be expanded in a power series:
µ2 =
∞∑
n=0
Anµ
n
1 , (4.6)
where An are complex numbers. The Lagrangian condition (3.2) says that
(1 + µ1µ¯2)
2∂µ2 = (1 + µ¯1µ2)
2∂¯µ¯2.
Inserting the series (4.6) in this, the holomorphic terms lead to the following rela-
tion:
A1 − A¯1 +
∞∑
n=1
[
(n+ 1)An+1 + 2nAnA¯0 + (n− 1)An−1A¯20
]
µn1 = 0.
Thus A1 is real and we get the recursion relations
(n+ 1)An+1 + 2nAnA¯0 + (n− 1)An−1A¯20 = 0 n = 1, 2, 3, ...
It can be easily proven by induction that this is equivalent to
An = (−1)n−1A¯n−10 A1,
for any n = 1, 2, 3, ..., and therefore
µ2 = A0 +
∞∑
n=1
(−1)n−1A¯n−10 A1µn1 =
A0 + (A0A¯0 +A1)µ1
1 + A¯0µ1
, (4.7)
where A0 ∈ C and A1 ∈ R.
If A1 > 0, Σ is a geodesic sphere with centre (z0, t0) with
z0 =
A0
A1 +A0A¯0
t0 =
√
A1
A1 +A0A¯0
,
as can be seen by inserting (4.7) in (4.1).
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On the other hand, if A1 = 0, Σ is clearly a horosphere because µ2 = A0.
We now prove that if A1 < 0 then there exists an orthogonal surface in H
3 which
is totally geodesic.
For the Lagrangian geodesic congruence given by (4.7), the orthogonal surfaces
in H3 are obtained by integrating (2.5), which yields
2r = ln |A0 + (A1 +A0A¯0)µ1|2 + C, (4.8)
where C ∈ R. The divergence can now be computed by (2.4) and the result is:
ρ = −A1e
C + 1
A1eC − 1 .
Thus the orthogonal surface in H3 obtained by setting C = − ln(−A1) in (4.8) is
totally geodesic, since both σ and ρ vanish. 
Note: In proving the preceding, we have established the well known classification
of totally umbilic surfaces in H3 [13].
4.3. β-surfaces. In [5] the β-surfaces are classified:
Theorem 3. A β-surface in L(H3) is a piece of a torus which, up to isometry, is
either
(1) L(H2), where H2 ⊂ H3, or
(2) C1×C2 ⊂ S2×S2− ∆¯, where C1 is a circle given by the intersection of the
2-sphere and a plane containing the north pole, and C2 is the image of C1
under reflection in the horizontal plane through the origin.
4.4. The Holomorphic Structure of L(H3). Consider P1 × P1. Then the ho-
mology group H2(P
1 × P1) ∼= Z ⊕ Z has generators [h] and [v], where h and v are
horizontal and vertical fibres of the natural projections. The intersection pairing
on these generators is obviously
[h] · [v] = 1 [h] · [h] = [v] · [v] = 0.
It is also not hard to show that [∆] = [h] + [v] and [∆] = [h]− [v].
Let C be a closed holomorphic curve in P1 × P1. Then
[C] = m[h] + n[v],
where m ≥ 0, n ≥ 0 and, with m and n not both zero. Clearly
[C] · [∆] = m+ n > 0 ,
so every closed holomorphic curve in P1 × P1 must intersect the diagonal. We
conclude that there are no closed holomorphic curves in P1×P1−∆. If L(H3) were
biholomorphic to P1 × P1 − ∆, then by Proposition 7, there would be no closed
totally umbilic surfaces in H3, which we have just shown is not true (the geodesic
spheres being the counter-examples). No such restriction applies to P1 × P1 −∆,
since there are many closed holomorphic curves in P1×P1 that do not intersect ∆,
one example being ∆:
[∆] · [∆] = 1− 1 = 0.
Thus, the distinction between P1 × P1 −∆ and P1 × P1 −∆ is essential.
18 NIKOS GEORGIOU AND BRENDAN GUILFOYLE
4.5. Flat Surfaces.
Definition 11. A surface S in H3 is flat if the Gauss curvature κ of S is zero.
Theorem 4. Let S be an oriented C2 smooth immersed surface in H3 with normal
geodesic congruence f : Σ→ L(H3) parameterized by µ2 = µ2(µ1, µ¯1).
Then S is flat iff µ2 is an anti-holomorphic function of µ1.
Proof. In this case, the Lagrangian condition for Σ is
∂µ2
(1 + µ¯1µ2)2
=
∂¯µ¯2
(1 + µ1µ¯2)2
,
and then, by equation (2.7), the Gauss curvature κ of S
κ =
16
∆
∂µ2
(1 + µ¯1µ2)2
.
Therefore the vanishing of the Gauss curvature is equivalent to µ2 being an anti-
holomorphic function. We can see as well that if a Lagrangian geodesic congruence
has an orthogonal flat surface in H3 then all of its orthogonal surfaces are flat.

4.6. Surfaces of Constant Mean Curvature 1.
Definition 12. A surface is S in H3 is of constant mean curvature 1 (CMC 1) if
the mean curvature of S is equal to 1. Equivalently, the divergence is ρ = −1.
We now prove
Theorem 5. An immersed Lagrangian surface given by µ2 = µ2(µ1, µ¯1) has an
orthogonal CMC 1 surface if and only if σ0 is holomorphic, where
σ0 =
∂µ¯2
(1 + µ1µ¯2)2
.
Proof. Let S be an oriented C2 smooth surface with constant mean curvatureH=1.
Let Σ ⊂ L(H3) be the oriented normal geodesic congruence to S.
Since Σ is Lagrangian, by Proposition 6 there exists a function r : Σ → R
satisfying (2.5).
Now, being CMC 1 implies, from ρ = −1 and the expression (2.4),
∂µ2
(1 + µ¯1µ2)2
− |µ2|
2
|1 + µ¯1µ2|2 e
−2r = 0,
which can be integrated to
r = −1
2
ln
( |1 + µ¯1µ2|2
|µ2|2 ρ0
)
,
where ρ0 is defined in equation (3.5).
Inserting this in (2.5) we obtain
− ∂ ln
( |1 + µ¯1µ2|2
|µ2|2 ρ0
)
=
∂µ2
µ2(1 + µ¯1µ2)
+
∂µ¯2
µ¯2(1 + µ1µ¯2)
+
µ¯2
1 + µ1µ¯2
.
(4.9)
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On the other hand, if a given Lagrangian surface Σ satisfies the condition (4.9),
then from (2.5) we have
2∂r = −∂ ln
( |1 + µ¯1µ2|2
|µ2|2 ρ0
)
,
and hence
r = −1
2
ln
( |1 + µ¯1µ2|2
|µ2|2 ρ0
)
+ c,
c is real constant. We thus obtain an orthogonal surface S to the geodesic congru-
ence Σ, parameterized by r with c = 0. This surface is CMC 1.
Therefore a Lagrangian geodesic congruence µ2 = µ2(µ1, µ¯1) has an orthogonal
CMC 1 surface if and only if (4.9) is satisfied. Now we prove that (4.9) is equivalent
to ∂¯σ0 = 0.
The relation (4.9) can be written
1 + µ¯1µ2
µ2
ρ0+
1 + µ1µ¯2
µ¯2
σ¯0+
µ¯2
1 + µ1µ¯2
= − µ¯1∂µ2
1 + µ¯1µ2
− µ¯2 + µ1∂µ¯2
1 + µ1µ¯2
−∂ρ0
ρ0
+
∂µ2
µ2
+
∂µ¯2
µ¯2
.
Using (3.6) we get
1 + µ¯1µ2
µ2
ρ0 +
1 + µ1µ¯2
µ¯2
σ¯0 +
µ¯2
1 + µ1µ¯2
= −µ¯1(1 + µ¯1µ2)ρ0 − µ1(1 + µ1µ¯2)σ¯0
− µ¯2
1 + µ1µ¯2
− 1
ρ0
(
∂¯σ0 − 2µ¯2
1 + µ1µ¯2
ρ0
)
+
∂µ2
µ2
+
∂µ¯2
µ¯2
.
Cancelling terms using the definitions (3.3) and (3.5), we find that ∂¯σ0 = 0. 
Acknowledgement:
The authors would like to thank Madeeha Khalid, Wilhelm Klingenberg and Jose´
Ramo´n Mar´ı for many stimulating and helpful conversations. This work was sup-
ported by the Research in Pairs Programme of the Mathematisches Forschungsinsti-
tut Oberwolfach, Germany and the Science Foundation Ireland Research Frontiers
Programme.
References
[1] R. L. Bryant, Surfaces of mean curvature one in hyperbolic space, Aste´risque 154-5, 321–347,
(1987).
[2] S. Chern, Some new characterizations of the Euclidean sphere, Duke Math. J. 12 279–290
(1945)
[3] C.L. Epstein, Envelopes of horospheres and Weingarten surfaces in hyperbolic 3-space,
preprint.
[4] N. Georgiou and B. Guilfoyle, On the space of oriented geodesics of hyperbolic 3-space, Rocky
Mountain J. Math. (to appear).
[5] N. Georgiou, B. Guilfoyle and W. Klingenberg, Totally null surfaces in neutral Ka¨hler 4-
manifolds, (2008) [math.DG/0810.4054]
[6] P. Hartman and A. Witner, Umbilical points and W-surfaces, Amer. J. Math 76, 502–508
(1954).
[7] M. Kokubu, W. Rossman, K. Saji, M. Umehara and K. Yamada, Singularities of flat fronts
in hyperbolic 3-space, Pacific J. Math. 221, 303–351 (2005).
[8] M. Kokubu, M. Umehara and K. Yamada, Flat fronts in hyperbolic 3-space, Pacific J. Math.
216, 149–176 (2004).
20 NIKOS GEORGIOU AND BRENDAN GUILFOYLE
[9] W. Ku¨hnel and M. Steller, On closed Weingarten surfaces, Monatsh. Math. 146, 113–126
(2005).
[10] R. Penrose and W. Rindler, Spinors and spacetime, Volume 2, Cambridge University Press,
1986.
[11] P. Roitman, Flat surfaces in hyperbolic space as normal surfaces to a congruence of geodesics,
Tohoku Math. J. 59, 21–37 (2007).
[12] M. Salvai, On the geometry of the space of oriented lines of hyperbolic space, Glasg. Math.
J. 49, 357–366 (2007).
[13] M. Spivak, A comprehensive introduction to differential geometry IV, Houston, Texas, (1999)
[14] J. Weingarten, Ueber eine Klasse auf einander abwickelbarer Fla¨chen, J. Reine Angew. Math.
59, 382–393 (1861).
Nikos Georgiou, Department of Computing and Mathematics, Institute of Technol-
ogy, Tralee, Clash Tralee, Co. Kerry, Ireland.
E-mail address: nikos.georgiou@research.ittralee.ie
Brendan Guilfoyle, Department of Computing and Mathematics, Institute of Tech-
nology, Tralee, Clash, Tralee, Co. Kerry, Ireland.
E-mail address: brendan.guilfoyle@ittralee.ie
